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INTEGRAL Ext2 BETWEEN HOOK WEYL MODULES
DIMITRA-DIONYSIA STERGIOPOULOU
Abstract. This paper concerns representations of the integral general linear
group. The extension groups Ext2 between any pair of hook Weyl modules are
determined via a detailed study of cyclic generators and relations associated to
certain extensions. As a corollary, the modular extension groups Ext1 between
such modules are determined.
1. Introduction
In the study of polynomial representations of the integral general linear group
GLn, the Weyl modules ∆pλq, indexed by partitions λ, play a central role. These
modules have an explicit construction, enjoy a standard basis theorem and their
characters are the classical Schur functions [Gr]. Moreover, the heads of the mod-
ules K b∆pλq form a complete set of inequivalent polynomial simple modules for
GLnpKq, where K is an infinite field. However, the structure of the modules ∆pλq
is not well understood.
One of the important problems in the area is to determine the extension groups
Extip∆pλq,∆pµqq. Relatively few explicit results are known. Modular extension
groups for GLnpKq were studied in [A], when λ consists of a single column and µ
of a single row. For SL2pKq, all modular extension groups between Weyl modules
were described in [Pa], generalizing [Er] and [CE]. The modular extension groups
Ext1pK b∆pλq,K b∆pµqq for GLnpKq were determined in [DG], when µ consists
of a single row.
Concerning the integral extension groups, Ext1p∆pλq,∆pµqq for GL3 was com-
puted in [BF], when λ and µ differ by a multiple of a positive root. The groups
Ext1p∆pλq,∆pµqq for GLn was determined in [Ku2], when λ and µ differ by a single
positive root. The groups Extip∆phq,∆phpkqqq were computed in [MS] for i “ 1, k
and any pair of hooks h “ pa, 1bq and hpkq “ pa ` k, 1b´kq. The main method
there was to determine cyclic generators of certain extension groups of the form
Extip∆phq, Da`kbΛ
b´kq, where D˚ and Λ
˚ denote the divided power algebra and
the exterior algebra, respectively, of the natural GLn-module. Except for some
extreme cases, these generators usually have an involved form. The next step in
our method was to calculate the images of these under canonical maps. The idea
of using the ‘skew’ extensions Extip∆phq, Da`k b Λ
b´kq, in place of the usual ex-
tensions Extip∆phq,∆phpkqqq, comes from the observation that the former seem to
have more manageable presentation matrices. The reason for this is that there is
no straightening law involved.
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The purpose of the present paper is to study Ext2 between any two hook Weyl
modules using the above strategy. The main result is the following.
Theorem 1.1. Consider hook partitions h “ pa, 1bq and hpkq “ pa ´ k, 1b´kq for
k ě 0. Suppose n ě b ` 1. Then, Ext2p∆phq,∆phpkqqq “ 0, except possibly when
k P t2, 3, 4u, in which cases
Ext2p∆phq,∆phpkqqq “
$’&’%
Zs, if k “ 2,
Z3{t, if k “ 3,
Zt, if k “ 4,
where s “ pa` bq{gcdp2, a` bq, t “ gcdp3, a` bq.
As a corollary, we determine the modular Ext1 groups between any hook parti-
tions.
In Section 2 we gather necessary preliminaries. In Section 3 we consider the cases
k ‰ 4. In Section 4, which costitutes the main part of the paper, we complete the
proof of the theorem. As a corollary, we determine the dimensions of the modular
Ext1 groups between any hook Weyl modules.
2. Preliminaries
We will use the notation of [MS] but, for completeness, we recall the main points
here and supplement with additional material.
2.1. Notation. Let F be a free abelian group of finite rank n. Fixing a basis
of F yields an identification of general linear groups GLpF q “ GLnpZq. We will
be working with homogeneous polynomial representations of GLnpZq of degree r,
or equivalently, with modules over the Schur algebra SZpn, rq [Gr]. We will write
Spn, rq in place of SZpn, rq. By DF “
ř
iě0DiF and ΛF “
ř
iě0 Λ
iF we denote
the divided power algebra of F and the exterior algebra of F respectively. We will
usually omit F and write Di and Λ
i.
Throughout this paper all tensor products are over the integers.
For a partition λ of r with at most n parts, we denote by ∆pλq the corresponding
Weyl module for Spn, rq. A hook h is a partition of the form h “ pa, 1bq.
The following complex of Spn, rq-modules (which is the dual of the usual Koszul
complex) is exact
0Ñ Da`b Ñ ...Ñ Da`1 b Λ
b´1 ΘaÝÝÑ Da b Λ
b Ñ ...Ñ Λa`b Ñ 0,
where Θa is the composition Da`1 b Λ
b´1 △b1ÝÝÝÑ Da bD1 b Λ
b´1 1bmÝÝÝÑ Da b Λ
b,
where△ (respectively,m) is the indicated component of the comultiplication (resp.,
multiplication) map of the Hopf algebra DF (resp., ΛF ). It is well known that if
h “ pa, 1bq is a hook, b ě 1, then ∆phq » cokpΘaq » kerpΘa´1q.
Throughout this paper we use the notation h “ pa, 1bq, hpkq “ pa` k, 1b´kq and
r “ a` b.
2.2. Straightening law and standard basis. We recall the straightening law
and the standard basis theorem for ∆phq [ABW]. Fix an ordered basis e1, . . . , en
of F . For simplicity, we denote the element ei by i and accordingly the element
e
pa1q
i1
¨ ¨ ¨ e
patq
it
b ej1 ^ ¨ ¨ ¨ ^ ejb P Da b Λ
b by i1
pa1q ¨ ¨ ¨ it
patq b j1 ¨ ¨ ¨ jb. The im-
age of this element under the identification ∆phq » cokpΘaq will be denoted by
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i1
pa1q ¨ ¨ ¨ it
patq{j1 ¨ ¨ ¨ jb. Now suppose i1 ă i2 ă ¨ ¨ ¨ ă it and j1 ď i1. Then in ∆phq
we have
i1
pa1q ¨ ¨ ¨ it
patq{j1 ¨ ¨ ¨ jb “
$’&’%
´
ř
sě2
i1
pa1`1q ¨ ¨ ¨ is
pas´1q ¨ ¨ ¨ it
patq{isj2 ¨ ¨ ¨ jb, if j1 “ i1
´
ř
sě1
j1i1
pa1q ¨ ¨ ¨ is
pas´1q ¨ ¨ ¨ it
patq{isj2 ¨ ¨ ¨ jb, if j1 ă i1.
A Z - basis of ∆phq is the set of elements i1
pa1q ¨ ¨ ¨ it
patq{j1 ¨ ¨ ¨ jb, where a1`¨ ¨ ¨`at “
a, i1 ă ¨ ¨ ¨ ă it and i1 ă j1 ă ¨ ¨ ¨ ă jb.
2.3. Resolutions of hooks. From [Gr] or [AB] we recall that for each sequence
a1, . . . , an of non negative integers ai that sum to r, the Spn, rq-module Da1 b¨ ¨ ¨b
Dan is projective.
We will use the explicit finite projective resolution P˚pa, bq of ∆phq,
0 ÝÑ ¨ ¨ ¨ ÝÑ P2pa, bq
Θ2pa,bq
ÝÝÝÝÝÑ P1pa, bq
Θ1pa,bq
ÝÝÝÝÝÑ P0pa, bq
of [Ma] which we now recall. For short, we denote the tensor productDa1b¨ ¨ ¨bDam
of divided powers by Dpa1, . . . , amq. We have Pipa, bq “
ř
Dpa1, . . . , ab`1´iq where
the sum ranges over all sequences pa1, . . . , ab`1´iq of positive integers of length
b ` 1 ´ i such that a1 ` ¨ ¨ ¨ ` ab`1´i “ a` b and a ď a1 ď a ` i. The differential
Θipa, bq is defined be sending x1 b ¨ ¨ ¨ b xb`1´i P Dpa1, . . . , ab`1´iq to
b`1´iÿ
j“1
p´1qj`1x1 b ¨ ¨ ¨ b△pxjq b ¨ ¨ ¨ b xb`1´i P Dpa1, . . . , u, v, . . . , ab`1´iq,
where △ is the the two-fold diagonalization Dpajq Ñ
ř
Dpu, vq, the sum ranges of
all positive integers u, v such that u ` v “ aj and Dpa1, . . . , u, v, . . . , ab`1´iq is a
summand of Pi´1pa, bq with u located in position j. Let △u,v : Dpajq Ñ Dpu, vq
be the indicated component of the two-fold diagonalization Dpajq Ñ
ř
Dpu, vq.
If A,B are Spn, rq - modules, we write HompA,Bq and ExtipA,Bq in place of
HomSpn,rqpA,Bq and Ext
i
Spn,rqpA,Bq respectively.
We recall the recursions
P0pa, bq “ Dpaq b P0p1, b´ 1q,
Pipa, bq “ Pi´1pa` 1, b´ 1q ‘Dpaq b Pip1, b´ 1q, i ą 0
and that under these identifications we have the following.
Remark 2.1. The differential HompΘipa, bq,Mq of the complex
HompP˚pa, bq,Mq is given by
HompPi´2pa` 1, b´ 1q,Mq HompPi´1pa` 1, b´ 1q,Mq
HompDpaq b Pi´1p1, b´ 1q,Mq HompDpaq b Pip1, b´ 1q,Mq
‘ ‘
where the top horizontal map is HompΘi´1pa ` 1, b ´ 1q,Mq, the bottom one is
´Homp1bΘip1, b´1q,Mq and the restriction of the diagonal one on the summand
HompDpa, j, a2, . . . , amq,Mq is Homp△a,j b 1b ¨ ¨ ¨ b 1q,Mq.
We now consider weight spaces. For any Spn, rq-module M and any sequence
a1, . . . , am of nonnegative integers such that a1`¨ ¨ ¨`am “ r andm ď n, we identify
the Z-module HompDpa1, . . . , amq,Mq with the pa1, . . . , amq weight subspace of M
(with respect to the action of Zn) [AB]. We will use such identifications freely
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throughout this paper. In particular, suppose M is a skew Weyl module for Spn, rq
(denoted be Kλ{µ in [ABW]). Using the Z-basis of M given by standard tableaux
of [ABW], Thm. II.3.16, we see that the Z-module HompDpa1, . . . , amq,Mq may
be identified with the Z-submodule ofM that has basis the standard tableaux ofM
that contain the entry i exactly ai times, i P t1, . . . ,mu. We call this the standard
basis of HompDpa1, . . . , amq,Mq. If a is a non negative integer, we denote by Ma
the Z-submodule of M given by
Ma “
ÿ
HompDpa, a2, . . . , amq,Mq
where the sum ranges over all nonnegative integers a2, . . . , am such that a2`¨ ¨ ¨`am
“ r´a and m ď n. A Z- basis of this is the set of standard tableaux ofM in which
the entry 1 appears exactly a times. Ma is a GLn´1 submodule of M with GLn´1
acting on the basis elements 2, . . . , n.
From the definition of Ma it follows that we have the identification
HomApDpa1, . . . , amq,Mq “ HomBpDpa2, . . . , amq,Ma1q
and thus by summing, HomApDpaq b Pip1, b ´ 1q,Mq “ HomBpPip1, b ´ 1q,Maq,
where a “ a1, A “ Spn, rq, B “ Spn ´ 1, bq. We refer to the standard basis of
HomApDpa1, . . . , amq,Mq as the standard basis of HomBpDpa2, . . . , amq,Maq.
Under the above identifications it follows from the definition of the complexes,
that the maps
Homp1 bΘip1, b´ 1q,Mq :
HomApDpaq b Pi´1p1, b´ 1q,Mq Ñ HomApDpaq b Pip1, b´ 1q,Mq,
HompΘip1, b´ 1q,Maq :
HomBpPi´1p1, b´ 1q,Maq Ñ HomBpPip1, b´ 1q,Maq
are equal. From now on we will drop from the above Hom modules the subscripts
A,B.
2.4. Additional Preliminaries. We want to consider matrices of the differential
of the complex HompP˚pa, bq,Mq, where M is a skew Weyl module.
We consider the usual lexicographic ordering of the elements of the standard
basis of HompDpa1, . . . , amq,Mq “ HompDpa2, . . . , amq,Ma1q. We identify the
sequence pa1, . . . , amq of nonnegative integers, where m ď n, with the sequence
pa1, . . . , am, 0, . . . , 0q P Z
n. Now if pa1, . . . , amq is greater than pb1, . . . , bm1q , where
m,m1 ď n, in the usual lexicographic ordering of sequences, me declare that each
element of the standard basis of HompDpa1, . . . , amq,Mq is less than each element
of the standard basis of HompDpb1, . . . , bm1q,Mq.
For M a skew Weyl module, let Eip∆phq,Mq be the cokernel of the differential
HompΘipa, bq,Mq of the complex HompP˚pa, bq,Mq. We know that the torsion
part of this abelian group is isomorphic to Extip∆phq,Mq [AB].
Let epiqpa, b,Mq be the matrix of the differential HompΘipa, bq,Mq with re-
spect to the standard bases for the various spaces HompDpa1, . . . , amq,Mq and
the above ordering. Likewise, let epiqp1, b ´ 1,Maq be the matrix of the differ-
ential HompΘip1, b ´ 1q,Maq with respect to the standard bases for the various
HompDpa2, . . . , amq,Maq. From the previous discussion and Remark 2.1 we get
the following statement.
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Lemma 2.2. Suppose n ě b ` 1 and M is a skew Weyl module for Spn, rq. Then
for i “ 1
ep1qpa, b,Mq “
ˆ
B1pa, b,Mq
´ep1qp1, b´ 1,Maq
˙
and for i ą 1
epiqpa, b,Mq “
ˆ
epi´1qpa` 1, b´ 1,Mq Bipa, b,Mq
´epiqp1, b´ 1,Maq
˙
,
where in both cases Bipa, b,Mq is the matrix of the diagonal map HompDpaq b
Pi´1p1, b´ 1q,Mq Ñ HompPi´1pa` 1, b´ 1q,Mq of Remark 2.1.
We will also need a lemma for the special case M “ Da`k bΛ
b´k which we now
describe. We will need a different order of the basis elements.
Let Bi be the standard basis of HompPi´1pa ` 1, b ´ 1, Da`k b Λ
b´kqq, Bi,1
the subset of the standard basis of HompDpaq b Pip1, b ´ 1q, Da`k b Λ
b´kqq con-
sisting of the standard tableaux with one 1 in the Λb´d part and Bi,0 the subset
of the standard basis of HompDpaq b Pip1, b ´ 1q, Da`k b Λ
b´kqq consisting of
the standard tableaux with no 1 in the Λb´k part. We order each of the sets
Bi, Bi,1, Bi,0 lexicographically and we declare that the elements of Bi are less than
the elements of Bi,1, and the elements of Bi,1 are less than the elements of Bi,0.
Hence we have a total order on the basis Bi´1 Y Bi´1,1 Y Bi´1,0 of the domain of
HompΘipa, bq, Da`d b Λ
b´kq and a total order on the basis Bi YBi,1 YBi,0 of the
codomain of HompΘipa, bq, Da`k b Λ
b´kq.
Lemma 2.3. With respect to the above ordered bases and for i ě 2,
epiqp∆phq, Da`k b Λ
b´kq “
¨˝
A ˚ ˚
B
C
‚˛,
where
A “ epi´1qp∆pa` 1, 1b´1q, Da`k b Λ
b´kq,
B “ ´epiqp∆p1, 1b´1q, D1`k b Λ
b´k´1q,
C “ ´epiqp∆p1, 1b´1q, Dk b Λ
b´kq.
Proof. The claim for the matrix A follows from Lemma 2.2. For B consider the
diagram of abelian groups
spanBi´1,1 spanBi,1
HompPi´1p1, b´ 1q, D1`k b Λ
b´k´1q HompPip1, b´ 1q, D1`k b Λ
b´k´1q
a
fi´1 fi
β
where we regard the modules in the bottom row as GLn´1 modules with GLn´1
acting on the basis elements 1, . . . , n´ 1. Here, fi´1 is the isomorphism of abelian
groups sending each standard basis element 1pa´1qi
pc2q
2
¨ ¨ ¨ i
pcqq
q b1j2 ¨ ¨ ¨ jb´k P Bi´1,1
to the standard basis element pi2 ´ 1q
pc2q ¨ ¨ ¨ piq ´ 1q
pcqq b pj2 ´ 1q ¨ ¨ ¨ pjb´k ´ 1q P
HompPi´1p1, b ´ 1q, D1`k b Λ
b´k´1q and similarly for fi, α is the restriction of
HompΘipa, bq, Da`k b Λ
b´kq to spanBi´1,1 and β “ HompΘip1, b ´ 1q, D1`k b
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Λb´k´1q.We claim that the diagram commutes. Using Remark 2.1 and Remark 2.2
it suffices to show that fi ˝ θs “ θs´1 ˝ fi´1, t ě 2. Indeed, if
T “ 1pa´1qi
pc2q
2
¨ ¨ ¨ ipcqqq b 1j2 ¨ ¨ ¨ jb´k P Bi´1,1,
then
θspT q “ 1
pa´1qi
pc2q
2
¨ ¨ ¨ ipcuqu i
1
u`1
pcu`1q
¨ ¨ ¨ i
1
q
pcqq
b 1j2 ¨ ¨ ¨ jvj
1
v`1 ¨ ¨ ¨ j
1
b´k,
where iu “ maxpti2, . . . , iqu X pt2, . . . , suq, jv “ maxptj2, . . . , ib´ku X pt2, . . . , suq,
and i
1
“ i ´ 1. We note that θspT q is either 0 (if jv “ j
1
v`1) or a standard basis
element (if jv ‰ j
1
v`1 and iu ‰ i
1
u`1 ) or a non-zero multiple of a standard basis
element (if jv ‰ j
1
v`1 and iu “ i
1
u`1). Hence, in all cases we have
fi ˝ θspT q “pi2 ´ 1q
pc2q ¨ ¨ ¨ piu ´ 1q
pcuqpi
1
u`1 ´ 1q
pcu`1q ¨ ¨ ¨ pi
1
q ´ 1q
pcqq b pj2 ´ 1q
¨ ¨ ¨ pjv ´ 1qpj
1
v`1 ´ 1q ¨ ¨ ¨ pj
1
b´k ´ 1q.
Similarly, one verifies that
θs´1 ˝ fi´1pT q “pi2 ´ 1q
pc2q ¨ ¨ ¨ piu ´ 1q
pcuqpi
1
u`1 ´ 1q
pcu`1q ¨ ¨ ¨ pi
1
q ´ 1q
pcqq b pj2 ´ 1q
¨ ¨ ¨ pjv ´ 1qpj
1
v`1 ´ 1q ¨ ¨ ¨ pj
1
b´k ´ 1q
and thus the diagram commutes. The proof for C is similar and thus omitted.
Finally, the middle block in the right column block is indeed 0, since for every
T P Bi´1,0, and every s ě 2 we have θspT q is of the form x b j1 . . . jb´k with
1 R tj1, . . . , jb´ku. 
Remark. We will apply many times the isomorphism f2 of the previous proof in
section 4 in order to describe specific relations of E2p∆phq, Da`k b Λ
b´kq.
The next lemma will be used several times. The first equality follows from the
main result of [Ku1].
Lemma 2.4. Suppose n ě b` 1 and 0 ď k ă b. Then
Extip∆phq, Da`k b Λ
b´kq “ ExtipΛk`1, Dk`1q.
In particular,
(a) Ext1p∆phq, Da`k b Λ
b´kq “ Z2, k ě 1,
(b) Ext2p∆phq, Da`k b Λ
b´kq “
#
Z3, k “ 2, 3
0, k ‰ 2, 3.
Proof. The first statement and (1) are Lemma 2.3 of [MS]. In [To], Ex. 11.9,
Ext2pΛk`1, Dk`1q was determined and hence we have (2). We give below a different
proof of Touze´’s result for the sake of self completeness.
We calculate Ext2pΛk`1, Dk`1q using the projective resolution P˚p1, kq of Λ
k`1
and the method of [AB], Section 9. If k “ 0, 1, the length P˚p1, kq is less than 2
and hence Ext2pΛk`1, Dk`1q “ 0. Suppose k ě 2. According to Remark 2.1, the
map HompΘ2p1, kq, Dk`1q looks like:
HompP0p2, k ´ 1q, Dk`1q HompP1p2, k ´ 1q, Dk`1q
HompDp1q b P1p1, k ´ 1q, Dk`1q HompDp1q b P2p1, k ´ 1q, Dk`1q
‘ ‘
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If a1, . . . , am are positive integers such that a1 ` ¨ ¨ ¨ ` am “ k ` 1, then we have
HompDpa1, . . . , amq, Dk`1q “ Z, a generator is simply the multiplication map,
which will be denoted by 1pa1q ¨ ¨ ¨mpamq. Thus, the map
HompDpa1, . . . , u, v, . . . , amq, Dk`1q Ñ HompDpa1, . . . , at, . . . , amq, Dk`1q,
where u ` v “ at, induced by 1 b ¨ ¨ ¨ b△u,v b ¨ ¨ ¨ b 1 : Dpa1, . . . , at, . . . , amq Ñ
Dpa1, . . . , u, v, . . . , amq is multiplication by the binomial coefficient
`
at
u
˘
.
We have the following ordered Z - bases.
‚ HompP0p2, k ´ 1q, Dk`1q : 1
p2q2 ¨ ¨ ¨k,
‚ HompDp1q b P1p1, k ´ 1q, Dk`1q : 12
p2q3 ¨ ¨ ¨k, 123p2q ¨ ¨ ¨k, . . . , 12 ¨ ¨ ¨kp2q,
‚ HompP1p2, k ´ 1q, Dk`1q : 1
p3q2 ¨ ¨ ¨ pk ´ 1q, 1p2q2p2q4 ¨ ¨ ¨ pk ´ 1q,
1p2q23p2q4 ¨ ¨ ¨ pk ´ 1q, . . . , 1p2q23 ¨ ¨ ¨ pk ´ 1qp2q.
‚ HompDp1q b P2p1, k ´ 1q, Dk`1q : 12
p3q3 ¨ ¨ ¨ pk ´ 1q, 12p2q3p2q4 ¨ ¨ ¨ pk ´ 1q,
. . . , 12p2q ¨ ¨ ¨ pk ´ 1qp2q, . . . , 123p3q ¨ ¨ ¨ pk ´ 1q, 123p2q4p2q ¨ ¨ ¨ pk ´ 1q,
. . . , 123p2q ¨ ¨ ¨ pk ´ 1qp2q, . . . , 12 ¨ ¨ ¨ pk ´ 1qp3q.
Now with the above ordered bases, a quick computation shows that the matrix of
the top horizontal arrow of HompΘ2p1, kq, Dk`1q is the pk ´ 1q ˆ 1 matrix
ep1qp2, k ´ 1, Dk`1q “ p3 ´ 2 2 . . . p´1q
k´22qt
and the matrix of the diagonal arrow is the pk ´ 1q ˆ pk ´ 1q matrix
B2p1, k,Dk`1q “ diagp3, 2, . . . , 2q.
Also, it follows that the matrix ep2qp1, k,Dk`1q is of size
`
k
2
˘
ˆ k. In the notation
of Lemma 2.2, we have M “ Dk`1 and thus M1 “ Dk. Therefore the recursion for
ep2qp1, k,Dk`1q is
ep2qp1, k,Dk`1q “
ˆ
ep1qp2, k ´ 1, Dk`1q B
2p1, k,Dk`1q
´ep2qp1, k ´ 1, Dkq
˙
where k ě 2 and ep2qp1, 2, D3q “ p3 3q (this follows by an immediate computation).
Hence,
ep2qp1, 3, D4q “
¨˝
3 3
´2 2
´3 ´3
‚˛.
The nonzero invariant factors of these last two matrices are 3 and 1,3 respectively
and therefore Ext2pΛ3, D3q “ Ext
2pΛ4, D4q “ Z3.
Let k ě 4. In order to show that Ext2pΛk`1, Dk`1q “ 0, it suffices to show that
the last nonzero invariant factor of ep2qp1, k,Dk`1q is equal to 1. This matrix has
rank at most k´1 since the matrix product ep2qp1, k,Dk`1q ¨e
p1qp1, k,Dk`1q is zero,
due to the fact that HompP˚p1, kq, Dk`1q is a complex. (We have e
p1qp1, k,Dk`1q ‰
0 since Ext1pΛk`1, Dk`1q ‰ 0. In fact here e
p1qp1, k,Dk`1q is the k ˆ 1 matrix
p2 ´ 2 2 ¨ ¨ ¨ p´1qk´12qtq. It is straightforward to verify that the minor of
ep2qp1, k,Dk`1q corresponding to columns 2, 3, . . . , k and rows 2, 3, . . . , k ´ 1, k ` 1
is equal to ˘2k´1 and an immediate induction shows that the minor corresponding
to columns 1, 2, . . . , k ´ 1 and rows 1, 1 ` pk ´ 1q, 1 ` pk ´ 1q ` pk ´ 2q, . . . ,
`
k
2
˘
is
equal to ˘3k´1. Since there exist two relatively prime minors of size the rank of
the matrix ep2qp1, k,Dk`1q, the last nonzero invariant factor of this matrix is equal
to 1. 
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Next we describe the differential ofHompΘipa, bq,Mq forM a skewWeyl module.
For T P HompDpa1, . . . , amq,Mq a standard basis element, let θspT q, 1 ď s ď m, be
the element of HompDpa1, . . . , as`as`1, . . . , amq,Mq obtained from T by replacing
each occurrence of j ą s by j ´ 1. If s ą m, let θspT q “ 0. By extending
linearly, we obtain for each degree i a map of Z-modules HompPipa, bq,Mq Ñ
HompPi`1pa, bq,Mq which is denoted by Θi. It is clear that only a finite number
of these maps are nonzero. From the definition of the differential of P˚pa, bq, with
the previous notation, we obtain the following fact.
Remark 2.5. HompΘipa, bq,Mq “
ř
sě1p´1q
s´1θs.
3. The cases k “ 3 and k ě 5
It is well known, for example by [Ja], B.3 (4), and [Ma] respectively, that
Ext2p∆phq,∆phqq “ Ext2p∆phq,∆php1qqq “ 0. Theorem 4.1 of [MS] implies that
Ext2p∆phq, hp2qqq “ Zpa`bq{gcdp2,a`bq.
In this Section we will determine the extension groups Ext2p∆phq,∆phpkqqq for
k “ 3 and k ě 5. We will use certain exact sequences that we now describe.
Consider the short exact sequence
(1) 0Ñ ∆phpk ` 1qq
ikÝÑ Da`k b Λ
a´k pikÝÑ ∆phpkqq Ñ 0
for every k P Zą0, where pik is induced by the identity map on generators and ik is
induced by the composition
Da`k`1 b Λ
b´1 Ñ Da`k bD1 b Λ
b´1 Ñ Da`k b Λ
b
of comultiplication in D˚ and multiplication in Λ
˚.
We have HomSQpn,rqp∆phq,∆phpkqqq “ 0, since ∆phq and ∆phpkqq are distinct
irreducible representations of SQpn, rq. Thus, Homp∆phq,∆phpkqqq “ 0. Applying
then Homp∆phq,´q to (1) we obtain the exact sequence
0 ÝÑ Ext1p∆phq,∆phpk ` 1qqq
i
p1q
kÝÝÑ Ext1p∆phq, Da`k b Λ
b´kq
pi
p1q
kÝÝÑ Ext1p∆phq,∆phpkqqq ÝÑ Ext2p∆phq,∆phpk ` 1qqq
i
p2q
kÝÝÑ Ext2p∆phq, Da`k b Λ
b´kq
pi
p2q
kÝÝÑ Ext2p∆phq,∆phpkqqq
ÝÑ Ext3p∆phq,∆phpk ` 1qqq
i
p3q
kÝÝÑ Ext3p∆phq, Da`k b Λ
b´kq(2)
Using Theorem 3.5 of [MS] and Lemma 2.4, we have the following remark.
Remark 3.1.
(a) Ext1p∆phq,∆phpk ` 1qqq “ Ext1p∆phq, Da`k b Λ
b´kq “ Z2 and
Ext1p∆phq,∆phpkqqq “ 0, or
(b) Ext1p∆phq, Da`k b Λ
b´kq “ Ext1p∆phq,∆phpkqqq “ Z2 and
Ext1p∆phq,∆phpk ` 1qqq “ 0.
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Thus (2) takes the following form
0Ñ Ext2p∆phq,∆phpk ` 1qqq
i
p2q
kÝÝÑ Ext2p∆phq, Da`k b Λ
b´kq
pi
p2q
kÝÝÑ Ext2p∆phq,∆phpkqqq ÝÑ Ext3p∆phq,∆phpk ` 1qqq
i
p3q
kÝÝÑ Ext3p∆phq, Da`k b Λ
b´kq(3)
Then, Theorem 4.1 by [MS] and (3) yield the case k “ 3 of the theorem.
Proposition 3.2. We have Ext2p∆phq,∆php3qqq “ Z3{gcdp3,a`bq.
Proof. We observe that Ext3p∆phq, Da`2bΛ
b´2q “ 0, as Ext3p∆phq, Da`2bΛ
b´2q
“ Ext3pΛ3, D3q, by Lemma 2.4, and Ext
3pΛ3, D3q “ 0, as Λ
3 has a projective
resolution of length 2 by [A]. So, for k “ 2, (3) has the following form
0Ñ Ext2p∆phq,∆php3qqq
i
p2q
2ÝÝÑ Ext2p∆phq, Da`2 b Λ
b´2q
pi
p2q
2ÝÝÑ Ext2p∆phq,∆php2qqq ÝÑ Ext3p∆phq,∆php3qqq
i
p3q
2ÝÝÑ 0.(4)
Using again Lemma 2.4 we have Ext2p∆phq, Da`2 b Λ
b´2q “ Z3, which implies
that Ext2p∆phq,∆php3qqq “ Z3 or 0, as i
p2q
2
is a monomorphism. We also know
that Ext2p∆phq,∆php2qqq “ Zd2 and Ext
3p∆phq,∆php3qqq “ Zd3 , by Theorem 4.1
of [MS], where d2 “ gcdpa ` b,
`
a`b
2
˘
q and d3 “ gcdpa ` b,
`
a`b
2
˘
,
`
a`b
3
˘
q. Simple
calculations yield that d2 “ d3 if and only if 3 ffl a ` b, so the exact sequence
(4) implies that i
p2q
2
is an isomorphism if and only if 3 ffl a ` b. It follows that
Ext2p∆phq,∆php3qqq “ Z3 if and only if 3 ffl a ` b and Ext
2p∆phq,∆php3qqq “ 0
otherwise. 
Lemma 2.4 (b) also yields that Ext2p∆phq, Da`k´1 b Λ
b´k`1q “ 0 for every
k ě 5 and using again the exact sequence (3) we obtain the following result.
Proposition 3.3. We have Ext2p∆phq,∆phpkqqq “ 0 for every 5 ď k ď b.
4. The case k “ 4 of the Theorem
In this Section we show Theorem 1.1 for k “ 4, which constitutes the main part
of the paper. This is done using a refinement of the main strategy of [MS], namely
by first determining a cyclic generator of Ext2p∆phq, Da`3bΛ
b´3q, Subsection 4.1,
and then computing its image in Ext2p∆phq, Da`2 b Λ
b´2q, Subsection 4.3, with
the aid of the relations that we establish in Subsection 4.2.
In order to compute Ext2p∆phq,∆php4qqq, we use the exact sequence (3) for
k “ 3, which takes the following form
0 ÝÑ Ext2p∆phq,∆php4qqq
i
p2q
3ÝÝÑ Ext2p∆phq, Da`3 b Λ
b´3q
pi
p2q
3ÝÝÑ Ext2p∆phq,∆php3qqq.
By Lemma 2.4 (b) we have Ext2p∆phq, Da`3 b Λ
b´3q “ Z3. In order to determine
whether Ext2p∆phq,∆php4qqq “ 0 or Z3, we consider the following composition
Ext2p∆phq, Da`3bΛ
b´3q
pi
p2q
3ÝÝÑ Ext2p∆phq,∆php3qqq
i
p2q
2ÝÝÑ Ext2p∆phq, Da`2bΛ
b´2q.
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Let φ “ i
p2q
2
˝ pi
p2q
3
. Then, φ is a map from Z3 to Z3 by Lemma 2.4. Our aim in
this Section is to find a cyclic generator of Ext2p∆phq, Da`3bΛ
b´3q and determine
its image under φ as a multiple of the cyclic generator of Ext2p∆phq, Da`2bΛ
b´2q
described by [MS] in Section 4.1.
4.1. Cyclic generator of Ext2p∆phq, Da`3 b Λ
b´3q. In this subsection we will
determine a cyclic generator of the group Ext2p∆phq, Da`3bΛ
b´3q. This is accom-
plished using the recursion of Lemma 2.3 for i “ 2, according to which the matrix
ep2qp∆phq, Da`3 b Λ
b´3V q of the differential HompΘ2pa, bq, Da`3 b Λ
b´3q has the
following form ¨˝
A ˚ ˚
B
C
‚˛,
where A “ ep1qp∆pa ` 1, 1b´1q, Da`3 b Λ
b´3q, B “ ´ep2qp∆p1, 1b´1q, D4 b Λ
b´4q
and C “ ´ep2qp∆p1, 1b´1q, D3 b Λ
b´3q.
Consider the following standard basis elements:
‚ T 1i,j “ 1
paqip2qj b 2 ¨ ¨ ¨ iˆ ¨ ¨ ¨ jˆ ¨ ¨ ¨ b
for i P t2, . . . , b´ 1u, j P ti` 1, . . . , bu
in HompDa bD1
bpi´2q bD2 bD1
bpb´iq, Da`3 b Λ
b´3q,
‚ T ki,j “ 1
pa´1qkip2qj b 1 ¨ ¨ ¨ kˆ ¨ ¨ ¨ iˆ ¨ ¨ ¨ jˆ ¨ ¨ ¨ b
for k P t2, . . . , b´ 2u, i P tk ` 1, . . . , b´ 1u, j P ti` 1, . . . , bu
in HompDa bD1
bpi´2q bD2 bD1
bpb´iq, Da`3 b Λ
b´3q,
and the standard basis elements:
‚ Ba,b
1,j “ 1
pa`2qj b 2 ¨ ¨ ¨ jˆ ¨ ¨ ¨ pb´ 1q for j P t2, . . . , b´ 1u,
in HompDa`2 bD1
bpb´2q, Da`3 b Λ
b´3q, ,
‚ Ba,bi,1 “ 1
paqip3q b 2 ¨ ¨ ¨ iˆ ¨ ¨ ¨ pb´ 1q for i P t2, . . . , b´ 1u,
in HompDa bD1
bpi´2q bD3 bD1
bpb´i´1q, Da`3 b Λ
b´3q,
‚ Ba,bi,j “ 1
pa´1qip3qj b 1 ¨ ¨ ¨zti, ju ¨ ¨ ¨ pb´ 1q for i P t2, . . . , b´ 1u
and j P t2, . . . , i´ 1u Y ti` 1, . . . , b´ 1u,
in HompDa bD1
bpi´2q bD3 bD1
bpb´i´1q, Da`3 b Λ
b´3q.
Recall that the cokernel of the differential HompΘipa, bq,Mq of the complex
HompP˚pa, bq,Mq is denoted by E
ip∆phq,Mq (cf. 2.4).
Let pi : HompPipa, bq,Mq Ñ E
ip∆phq,Mq be the natural projection.
Remark. In the following proposition and its proof, if the lower bound of the
summation index is less than the upper bound, then we regard the sum as zero
(empty sum).
Proposition 4.1. Let
Γa,b “
`
a`2
3
˘ b´1ÿ
j“2
p´1qjBa,b
1,j ´
´
aB
a,b
2,1 `
b´1ÿ
j“3
p´1qjBa,b
2,j
¯
`
b´2ÿ
i“3
p´1qi´1
´
aB
a,b
i,1 ´
i´1ÿ
j“2
p´1qjBa,bi,j `
b´1ÿ
j“i`1
p´1qjBa,bi,j
¯
`
p´1q
b
´
aB
a,b
b´1,1 ´
b´2ÿ
j“2
p´1q
j
B
a,b
b´1,j
¯
.
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Then, for b ě 3, 3pipΓa,bq “ 0 in E
2p∆phq, Da`3 b Λ
b´3q and thus pipΓa,bq is an
element of Ext2p∆phq, Da`3 b Λ
b´3q.
Proof. Let
Aa,b “ a
b´1ÿ
i“2
bÿ
j“i`1
p´1q
j´i`1
b´1ÿ
s“1
p´1q
s´1
θspT
1
i,jq,
Ca,b “
b´2ÿ
k“2
b´1ÿ
i“k`1
bÿ
j“i`1
p´1q
j´i´k
b´1ÿ
s“1
p´1q
s´1
θspT
k
i,jq.
We will use induction on b ě 3 to show that
Aa,b ` Ca,b “ 3Γa,b(5)
For b “ 3 we observe that Ca,3 “ 0 as it is an empty sum, and for T
1
2,3 “ 1
paq2p2q3
in HompDa bD2 bD1, Da`3q we have that
Aa,3 ` Ca,3 “ Aa,b “ apθ1pT2,3q ´ θ1pT2,3qq “ a
``
a`2
2
˘
¨ 1pa`2q2´ 3 ¨ 1paq2p3q
˘
“ 3
`
a`2
3
˘
¨ Ba,3
1,2 ´ 3a ¨ B
a,3
2,1 “ 3Γa,3.
Let b ą 3. For i “ 2 and j P t3, . . . , bu we observe that
θ1pT
1
2,jq “
`
a`2
2
˘
1pa`2qpj ´ 1q b 2 ¨ ¨ ¨ {pj ´ 1q ¨ ¨ ¨ pb ´ 1q “ `a`2
2
˘
B
a,b
1,j´1,
and so we have
Aa,b “ a
b´1ÿ
i“2
bÿ
j“i`1
p´1q
j´i`1
θ1pT
1
i,jq
` a
b´1ÿ
i“2
bÿ
j“i`1
p´1q
j´i`1
b´1ÿ
s“2
p´1q
s´1
θspT
1
i,jq
“ a
`
a`2
2
˘ bÿ
j“3
p´1q
j´1
B
a,b
1,j´1 ` a
b´1ÿ
i“3
bÿ
j“i`1
p´1q
j´i`1
θ1pT
1
i,jq
` a
b´1ÿ
i“2
bÿ
j“i`1
p´1q
j´i`1
b´1ÿ
s“2
p´1q
s´1
θspT
1
i,jq.(6)
Consider now the standard basis elements:
‚ t01,j´1 “ 1
p2qpj ´ 1q b 2 ¨ ¨ ¨ {pj ´ 1q ¨ ¨ ¨ pb ´ 1q in
HompD2 bD1
bpb´1q, D3 b Λ
b´1q, for i “ 2 and j P t3, . . . , bu,
‚ t0i´1,j´1 “ pi ´ 1q
p2q
pj ´ 1q b 1 ¨ ¨ ¨ {pi ´ 1q ¨ ¨ ¨ {pj ´ 1q ¨ ¨ ¨ pb´ 1q in
HompD1
bpi´2q bD2 bD1
bpb`2´iq, D3 b Λ
b´1q, for i P t3, . . . , b´ 1u
and j P ti` 1, . . . , bu.
We observe that θs´1pt
0
i´1,j´1q “ f2pθspT
1
i,jqq for every i P t2, . . . , b ´ 1u, j P
ti ` 1, . . . , bu and s P t2, . . . , b ´ 1u, where f2 is the isomorphism described in
Lemma 2.3 for i “ 2. By [MS], Lemma 4.4 for k “ 2, we have the following relation
in Ext2p∆p1, 1pb´1qq, D3 b Λ
b´3q
(7) HompΘ2pa, bq, Da`2 b Λ
b´2qp
b´1,bÿ
i“2,jąi
p´1qj´i`1t0i´1,j´1q “ 3γ1,b´1,
where γ1,b´1 “
řb´1
i“2 p´1q
i
δ
1,b´1
i´1 ,
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‚ δ1,b´1
1
“ 1p3q b 2 ¨ ¨ ¨ pb ´ 2q in HompD3 bD1
bpb´3q, D3 b Λ
b´3q, for i “ 2,
‚ δ1,b´1i´1 “ pi ´ 1q
3b1 ¨ ¨ ¨ {pi´ 1q ¨ ¨ ¨ pb´2q inHompD1bpi´2qbD3bD1bpb´i´1q,
D3 b Λ
b´3q, for i P t3, . . . , b´ 1u,
and pipγ1,b´1q is the generator of Ext
2p∆p1, 1b´1q, D3bΛ
b´3q described by [MS] in
Subsection 4.1. Using Remark 2.5, (7) is equivalent to
(8)
b´1ÿ
i“2
bÿ
j“i`1
p´1q
j´i`1
b´1ÿ
s“2
p´1q
s
θs´1pt
0
i´1,j´1q “ 3
b´1ÿ
i“2
p´1q
i
δ
1,b´1
i´1 .
By the proof of Lemma 2.3, we have that δ1,b´1i´1 “ f2pB
a,b
i,1 q where
‚ Ba,b
2,1 “ 1
paq2p3q b 3 ¨ ¨ ¨ pb´ 1q for i “ 2,
‚ Ba,bi,1 “ 1
paqip3q b 2 ¨ ¨ ¨ iˆ ¨ ¨ ¨ pb´ 1q for i P t3, . . . , b´ 1u.
and f2 is the isomorphism described in Lemma 2.3 for i “ 2.
Applying the isomorphism f´1
2
to Equation (8) we have,
b´1ÿ
i“2
bÿ
j“i`1
p´1qj´i`1
b´1ÿ
s“2
p´1qsf´1
2
pθs´1pt
0
i´1,j´1qq “ 3
b´1ÿ
i“2
p´1qif´1
2
pδ1,b´1i´1 q
or, equivalently,
(9)
b´1ÿ
i“2
bÿ
j“i`1
p´1q
j´i`1
b´1ÿ
s“2
p´1q
s
θspT
1
i,jq “ 3
b´1ÿ
i“2
p´1q
i
B
a,b
i,1 .
Using (9), (6) is equivalent to
Aa,b “ a
`
a`2
2
˘ b´1ÿ
i“2
p´1q
i
B
a,b
1,i ` a
b´1ÿ
i“3
bÿ
j“i`1
p´1q
j´i`1
θ1pT
1
i,jq
´ 3a
b´1ÿ
i“2
p´1q
i
B
a,b
i,1 .(10)
We also have
Ca,b “
b´1ÿ
i“3
bÿ
j“i`1
p´1qj´iθ1pT
2
i,jq `
b´2ÿ
k“3
b´1ÿ
i“k`1
bÿ
j“i`1
p´1qj´i´kθ1pT
k
i,jq
`
b´2ÿ
k“2
b´1ÿ
i“k`1
bÿ
j“i`1
p´1q
j´i´k
b´1ÿ
s“2
p´1q
s´1
θspT
k
i,jq
“
b´1ÿ
i“3
bÿ
j“i`1
p´1q
j´i
θ1pT
2
i,jq `
b´2ÿ
k“2
b´1ÿ
i“k`1
bÿ
j“i`1
p´1q
j´i´k
b´1ÿ
s“2
p´1q
s´1
θspT
k
i,jq,(11)
as θ1pT
k
i,jq “ 0 for every k P t3 . . . , b ´ 2u, because of the 12 part of T
k
i,j in Λ
b´3.
Consider now the basis elements:
‚ t1i´1,j´1 “ 1pi´ 1q
p2q
pj ´ 1q b 2 ¨ ¨ ¨ {pi´ 1q ¨ ¨ ¨ {pj ´ 1q ¨ ¨ ¨ pb´ 1q in
HompD1
bpi´2qbD2bD1
bpb´iq, D4bΛ
b´4q, for k “ 2 and i P t3, . . . , b´1u,
j P ti` 1, . . . , bu,
‚ tk´1i´1,j´1 “ pk´1qpi´ 1q
p2q
pj´1qb1 ¨ ¨ ¨ {pk ´ 1q ¨ ¨ ¨ {pi´ 1q ¨ ¨ ¨ {pj ´ 1q ¨ ¨ ¨ pb´1q
in HompD1
bpi´2q b D2 b D1
bpb´iq, D4 b Λ
b´4q , for k P t3, . . . , b ´ 2u,
i P tk ` 1, . . . , b´ 1u, j P ti` 1, . . . , bu.
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By induction on b, for a “ 1, we have A1,b´1 ` C1,b´1 “ 3Γ1,b´1, or, equivalently,
b´2ÿ
k“2
b´1ÿ
i“k`1
bÿ
j“i`1
p´1qj´i´k`1
b´1ÿ
s“2
p´1qsθs´1pt
k´1
i´1,j´1q
“ 3
b´1ÿ
j“3
p´1q
j´1
B
1,b´1
1,j´1 ´ 3
´
B
1,b´1
2,1 `
b´1ÿ
j“4
p´1q
j´1
B
1,b´1
2,j´1
¯
` 3
b´1ÿ
i“4
p´1q
i
´
B
1,b´1
i´1,1 ´
i´1ÿ
j“3
p´1q
j´1
B
1,b´1
i´1,j´1 `
b´1ÿ
j“i`1
p´1q
j´1
B
1,b´1
i´1,j´1
¯
` 3p´1q
b´1
´
B
1,b´1
b´2,1 ´
b´2ÿ
j“3
p´1q
j´1
B
1,b´1
b´2,j´1
¯
.(12)
Applying f´1
2
to (12), using that f2pB
a,b
i,j q “ B
1,b´1
i´1,j´1 and f2pθspTi,jq
kq “ θs´1pt
k´1
i´1,j´1q
for i ě 2, j P t3, . . . , i´ 1u Y ti` 1, . . . , b´ 2u, we obtain
b´2ÿ
k“2
b´1ÿ
i“k`1
bÿ
j“i`1
p´1q
j´i´k`1
b´1ÿ
s“2
p´1q
s
θspT
k
i,jq
“ 3
b´1ÿ
j“3
p´1q
j´1
B
a,b
2,j ´ 3
´
B
a,b
3,2 `
b´1ÿ
j“4
p´1q
j´1
B
a,b
3,j
¯
` 3
b´2ÿ
i“4
p´1q
i
´
B
a,b
i,2 ´
i´1ÿ
j“3
p´1q
j´1
B
a,b
i,j `
b´1ÿ
j“i`1
p´1q
j´1
B
a,b
i,j
¯
` 3p´1q
b´1
´
B
a,b
b´1,2 ´
b´2ÿ
j“3
p´1q
j´1
B
a,b
b´1,j
¯
.(13)
Equation (13) implies that (11) is equivalent to
Ca,b “
b´1ÿ
i“3
bÿ
j“i`1
p´1q
j´i
θ1pT
2
i,jq ` 3
b´1ÿ
j“3
p´1q
j´1
B
a,b
2,j
´ 3
´
B
a,b
3,2 `
b´1ÿ
j“4
p´1qj´1Ba,b
3,j
¯
` 3
b´2ÿ
i“3
p´1qi
´
B
a,b
i,2 ´
i´1ÿ
j“3
p´1qj´1Ba,bi,j `
b´1ÿ
j“i`1
p´1qj´1Ba,bi,j
¯
` 3p´1qb´1
´
B
a,b
b´1,2 ´
b´2ÿ
j“3
p´1qj´1Ba,bb´1,j
¯
.(14)
We observe that θ1pT
2
i,jq “ aθ1pT
1
i,jq for i P t3, . . . , b ´ 1u, j P ti ` 1, . . . , bu, as
θ1pT
1
i,jq “ 1
paqpi´ 1q2pj ´ 1q b 1 ¨ ¨ ¨ {pi ´ 1q ¨ ¨ ¨ {pj ´ 1q ¨ ¨ ¨ pb ´ 1q, and θ1pT 2i,jq “
a1paqpi´ 1q2pj ´ 1q b 1 ¨ ¨ ¨ {pi ´ 1q ¨ ¨ ¨ {pj ´ 1q ¨ ¨ ¨ pb ´ 1q. Using this observation and
adding equations (10) and (14), we obtain Aa,b `Ca,b “ 3Γa,b and we have proved
inductively equation (5).
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As we have the relations
řb´1
s“1 p´1q
s´1
pipθspT
k
i,jqq “ 0 for every k P t1, . . . , b´2u,
i P tk` 1, . . . , b´ 1u, j P ti` 1, . . . , bu, it follows that pipAa,bq “ pipCa,bq “ 0 and so
3pipΓa,bq “ 0. 
Proposition 4.2. The element pipΓa,bq of Proposition 3.1 is a cyclic generator of
Ext2p∆phq, Da`3 b Λ
b´3q.
Proof. We will first show that pipΓa,bq is nonzero. Indeed, if pipΓa,bq “ 0, then
pipΓa,bq would be equal to a linear combination of the relations in the exten-
sion group Ext2p∆phq, Da`3 b Λ
b´3q corresponding to the columns of the matrix
ep2qp∆phq, Da`3 b Λ
b´3q. This implies that the coefficient ´1 of pipBb´1,b´2q in
pipΓa,bq should be a linear combination of the nonzero entries of the last row of
ep2qp∆phq, Da`3 b Λ
b´3q. These are the coefficients of pipBb´1,b´2q resulting from
the application of pi ˝ θb´1 on the standard basis elements:
1pa´1qpb ´ 2qpb´ 1qp2qbb 1 ¨ ¨ ¨ pb´ 3q, 1pa´1qpb ´ 2qpb´ 1qbp2q b 1 ¨ ¨ ¨ pb´ 3q.
Indeed, let λ “ pλ1, λ2, . . . , λbq be a sequence with λ1 P t0, 1u, λi P t1, 2u,
řb
i“1 λi
“ b, and a standard basis element Tλ inHompDa`λ1bDλ2b¨ ¨ ¨bDλb , Da`3bΛ
b´3q,
such that θb´1pTλq “ c ¨ B
a,b
b´1,b´2 for some c P Z. Then θb´1pTλq has weight
p1a`λ1 , 2λ2 , . . . , pb´ 1qλb´1`λbq which must be equal to p1a, 2, . . . , pb´ 2q, pb´ 1q3q,
the weight of Ba,bb´1,b´2. This implies that λ1 “ 0, pλb´1, λbq P tp1, 2q, p2, 1qu and
Tλ P t1
pa´1qpb´ 2qpb´ 1q
p2q
bb 1 ¨ ¨ ¨ pb´ 3q, 1pa´1qpb´ 2qpb´ 1qbp2q b 1 ¨ ¨ ¨ pb´ 3qu.
By straightforward calculations, we have,
pipθb´1p1
pa´1qpb´ 2qpb´ 1q
p2q
bb 1 ¨ ¨ ¨ pb ´ 3qqq
“ pipθb´1p1
pa´1qpb´ 2qpb´ 1qbp2q b 1 ¨ ¨ ¨ pb ´ 3qqq
“ 3pipBa,bb´1,b´2q,
which means that ´1 should be a linear combination of 3 and 3, i.e. multiple
of 3. This implies that pipΓa,bq is nonzero. As Ext
2p∆phq, Da`3 b Λ
b´3q “ Z3,
3pipΓa,bq “ 0 (by Proposition 4.1) and pipΓa,bq ‰ 0, we conclude that pipΓa,bq is a
generator of Ext2p∆phq, Da`3 b Λ
b´3q. 
4.2. Relations in Ext2p∆phq, Da`2bΛ
b´2q. In this Subsection we will prove cer-
tain relations in E2p∆phq, Da`2 b Λ
b´2q using the columns of ep2qp∆phq, Da`2 b
Λb´2q, i.e. using the equalities
řb´1
s“1 p´1q
s´1
pipθspT qq “ 0, where T is a standard
basis element of the domain of the differential Θ2pa, bq. These relations will be
described in Lemmas 4.3 and 4.4. They will yield Proposition 4.5 which will be
used in the proof of Proposition 4.6, in order to facilitate the computation of the
image of the cyclic generator of Proposition 4.2. Proposition 4.6 will then yield the
case k “ 4 of Theorem 1.1.
Let
b1
p1q “ 1pa`2q b 2 ¨ ¨ ¨ pb´ 1q,
bj
p1q “ 1pa`1qj b 1 ¨ ¨ ¨ jˆ ¨ ¨ ¨ pb ´ 1q
INTEGRAL Ext2 BETWEEN HOOK WEYL MODULES 15
be the indicated standard basis elements in HompDa`2 bD1
bpb´2q, Da`2 b Λ
b´2q
and
b1
piq “1paqip2q b 2 ¨ ¨ ¨ i ¨ ¨ ¨ pb´ 1q,
bj
piq “1pa´1qip2qj b 12 ¨ ¨ ¨ jˆ ¨ ¨ ¨ pb´ 1q
be the indicated standard basis elements in HompDabD1
bpi´2qbD3bD1
bpb´i´1q,
Da`2 b Λ
b´2q for i P t2, . . . , b´ 1u and j P t2, . . . , b´ 1u.
Lemma 4.3. For every i P t2, . . . , b´ 1u,
apipb
pi`1q
1
q ´
iÿ
j“2
p´1q
j
pipb
pi`1q
j q “ apipb
piq
1
q ´
i´1ÿ
j“2
p´1q
pjq
pipb
piq
j q ` 3p´1q
i`1
pipb
piq
i q.
Proof. We consider the basis elements T
pi`1q
1
“ 1paqpi ` 1q
p2q
b2 ¨ ¨ ¨ {pi` 1q ¨ ¨ ¨ b and
T
pi`1q
j “ 1
pa´1qjpi ` 1q
p2q
b 1 ¨ ¨ ¨ jˆ ¨ ¨ ¨ {pi` 1q ¨ ¨ ¨ b, for j P t2, . . . , iu. Let
Da,b “ a
b´1ÿ
s“1
p´1q
s´1
θspT
pi`1q
1
q `
iÿ
j“2
p´1q
j
b´1ÿ
s“1
p´1q
s´1
θspT
pi`1q
j q.
We know that
řb´1
s“1 p´1q
s´1
pipθspT
pi`1q
j qq “ 0, for j P t1, . . . , iu, which implies
that pipDa,bq “ 0. We observe that θspT
pi`1q
j q “ 0 for every j P t1, . . . , iu and
s P ti ` 2, . . . , b ´ 1u because of the pi ` 2qpi ` 3q ¨ ¨ ¨ b part T
pi`1q
j in Λ
b´2. So we
obtain
a
b´1ÿ
s“i`2
p´1q
s´1
θspT
pi`1q
1
q `
iÿ
j“2
p´1q
j
b´1ÿ
s“i`2
p´1q
s´1
θspT
pi`1q
j q “ 0
and
(15) Da,b “ a
i`1ÿ
s“1
p´1qs´1θspT
pi`1q
1
q `
iÿ
j“2
p´1qj
i`1ÿ
s“1
p´1qs´1θspT
pi`1q
j q.
By immediate calculations we have θspT
pi`1q
1
q “ 0 for every s P t2, . . . , i ´ 1u,
θspT
pi`1q
j q “ 0 for every s P t1, . . . , j ´ 2uY tj ` 1, . . . , i´ 1u, j P t2, . . . , i´ 1u and
θspT
pi`1q
i q “ 0 for every s P t1, . . . , i´ 2u. Hence
Da,b “a
i´1ÿ
s“1
p´1qs´1θspT
pi`1q
1
q `
iÿ
j“2
p´1qj
i´1ÿ
s“1
p´1qs´1θspT
pi`1q
j q
` a
i`1ÿ
s“i
p´1qs´1θspT
pi`1q
1
q `
iÿ
j“2
p´1qj
i`1ÿ
s“i
p´1qs´1θspT
pi`1q
j q
“paθ1pT
pi`1q
1
q ´ θ1pT
pi`1q
2
qq `
i´1ÿ
s“2
pθspT
pi`1q
s q ´ θspT
pi`1q
s`1 qq
` a
i`1ÿ
s“i
p´1q
s´1
θspT
pi`1q
1
q `
iÿ
j“2
p´1q
j
i`1ÿ
s“i
p´1q
s´1
θspT
pi`1q
j q
“a
i`1ÿ
s“i
p´1q
s´1
θspT
pi`1q
1
q `
iÿ
j“2
p´1q
j
i`1ÿ
s“i
p´1q
s´1
θspT
pi`1q
j q,(16)
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as aθ1pT
pi`1q
1
q “ θ1pT
pi`1q
2
q “ a1paqip2qb1 ¨ ¨ ¨ iˆ ¨ ¨ ¨ pb´1q and θspT
pi`1q
s q “ θspT
pi`1q
s`1 q “
1pa´1qsip2q b 1 ¨ ¨ ¨ iˆ ¨ ¨ ¨ pb ´ 1q.
It follows that
pipDa,bq “ a
i`1ÿ
s“i
p´1q
s´1
pipθspT
pi`1q
1
qq `
iÿ
j“2
p´1q
j
i`1ÿ
s“i
p´1q
s´1
pipθspT
pi`1q
j qq “ 0,
which is equivalent to
(17)
apipθipT
pi`1q
1
qq´
iÿ
j“2
p´1qjpipθipT
pi`1q
j qq “ apipθi`1pT
pi`1q
1
qq´
iÿ
j“2
p´1qjpipθi`1pT
pi`1q
j qq.
More straightforward calculations yield:
‚ θipT
pi`1q
1
q “ 1paqip2q b 2 ¨ ¨ ¨ pb´ 1q “ b
piq
1
,
‚ θipT
pi`1q
j q “ 1
pa´1qjip2qb 1 ¨ ¨ ¨ jˆ ¨ ¨ ¨ pb´ 1q “ b
piq
j for every j P t2, . . . , i´ 1u,
‚ θipT
pi`1q
i q “ 3 ¨ 1
pa´1qip3q b 1 ¨ ¨ ¨ iˆ ¨ ¨ ¨ pb ´ 1q “ 3 ¨ b
piq
i
‚ θi`1pT
pi`1q
1
q “ 1paqpi ` 1q
p2q
b 2 ¨ ¨ ¨ pb´ 1q “ b
pi`1q
1
,
‚ θi`1pT
pi`1q
j q “ 1
pa´1qjpi ` 1q2 b 1 ¨ ¨ ¨ jˆ ¨ ¨ ¨ pb´ 1q “ b
pi`1q
j for every
j P t2, . . . , iu,
so (17) is equivalent to
apipb
pi`1q
1
q ´
iÿ
j“2
p´1q
j
pipb
pi`1q
j q “ apipb
piq
1
q ´
i´1ÿ
j“2
p´1q
j
pipb
piq
j q ` 3p´1q
i`1
pipb
piq
i q.

With the notation established before Lemma 4.3, we have the following state-
ment.
Lemma 4.4. For every i “ 2, . . . , b´ 2,
b´1ÿ
j“i`2
p´1q
j´i
pipb
pi`1q
j q ´ 3pipb
pi`1q
i`1 q “
b´1ÿ
j“i`1
p´1q
j´i
pipb
piq
j q.
Proof. Consider the standard basis elements
T
pi`1q
j “ 1
pa´1qpi ` 1qp2qj b 1 ¨ ¨ ¨ {pi` 1q ¨ ¨ ¨ jˆ ¨ ¨ ¨ b
in HompDa bD1
bpi´1q bD2 bD1
bpb´i´1q, Da`2bΛ
b´2q for j P ti` 2, . . . , bu. We
know that
řb´1
s“1 p´1q
s´1
pipθpT
pi`1q
j qq “ 0 for j P ti` 2, . . . , bu. This implies that
(18)
bÿ
j“i`2
p´1q
j
b´1ÿ
s“1
p´1q
s´1
pipθspT
pi`1q
j qq “ 0.
But θspT
pi`1q
j q “ 0 for every s P t1, . . . , i ´ 1u, for every j P ti ` 2, . . . , bu because
of the 1 ¨ ¨ ¨ i part of T
pi`1q
j in Λ
b´2. So (18) is equivalent to
(19)
bÿ
j“i`2
p´1qj
i`1ÿ
s“i
p´1qs´1pipθspT
pi`1q
j qq `
bÿ
j“i`2
p´1qj
b´1ÿ
s“i`2
p´1qs´1pipθspT
pi`1q
j qq “ 0.
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By straightforward calculations we have θspT
pi`1q
i`2 q “ 0 for every s P ti`3, . . . , b´1u,
θspT
pi`1q
j q “ 0 for every s P ti ` 2, . . . , j ´ 2u Y tj ` 1, . . . , b ´ 1u for every j P
ti` 3, . . . , b´ 1u and θspT
pi`1q
b q “ 0 for every s P ti` 2, . . . , b´ 2u. So (19) yields
bÿ
j“i`2
p´1q
j
i`1ÿ
s“i
p´1q
s´1
pipθspT
pi`1q
j qq ´
b´1ÿ
j“i`2
ppipθjpT
pi`1q
j qq ´ pipθjpT
pi`1q
j`1 qqq “ 0.
(20)
We observe now that θjpT
pi`1q
j q “ θjpT
pi`1q
j`1 q, so (20) is equivalent to
bÿ
j“i`2
p´1q
j´i
ppipθi`1pT
pi`1q
j qq ´ pipθipT
pi`1q
j qqq “ 0,
or
(21)
b´1ÿ
j“i`2
p´1qj´ipipθipT
pi`1q
j qq “
b´1ÿ
j“i`3
p´1qj´ipipθi`1pT
pi`1q
j qq ` pipθi`1pTi`2qq,
where
‚ θipT
pi`1q
j q “ b
piq
j´1 for every j P ti` 2, . . . , bu,
‚ θi`1pTi`2q “ 3 ¨ b
pi`1q
i`1 and θi`1pT
pi`1q
j q “ b
pi`1q
j´1 for every j P ti` 3, . . . , bu.
Equation (21) is now equivalent to
b´1ÿ
j“i`2
p´1q
j´i
pipb
pi`1q
j q ´ 3pipb
pi`1q
i`1 q “
b´1ÿ
j“i`1
p´1q
j´i
pipb
piq
j q
for every i P t2, . . . , b´ 2u. 
We are now ready to prove the main result of the present subsection, which
provides usefull relations that will be used in Subsection 4.3.
Proposition 4.5.
(a) For i “ 1,
b´1ÿ
j“2
p´1qjpipb
p1q
j q “ pa` 2qpipb
p1q
1
q.
(b) For every i P t2, . . . , b´ 1u,
ap´1qipipb
piq
1
q ` p´1qi
i´1ÿ
j“2
p´1qj´1pipb
piq
j q ` p´1q
i
b´1ÿ
j“i`1
p´1qj´1pipb
piq
j q “ 3pipb
piq
i q.
Proof. For i “ 1 we consider the standard basis elements T
p1q
j “ 1
pa`1qjb2 ¨ ¨ ¨ jˆ ¨ ¨ ¨ b
of HompDa`1 b D1
bpb´1q, Da`2 b Λ
b´2q for j P t2, . . . , bu. Then we have the
relations
řb´1
s“1p´1q
s´1pipθspT
p1q
j qq “ 0, for every j P t2, . . . , bu, and so
(22)
bÿ
j“2
p´1qj´1pipθ1pT
p1q
j qq `
b´1ÿ
s“2
p´1qs´1
bÿ
j“2
p´1qj´1pipθspT
p1q
j qq “ 0.
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But θ2pT
p1q
j q “ 0 for j ě 4, θspT
p1q
j q “ 0 for j P t2, . . . , s ´ 1u Y ts ` 1, . . . bu, and
θb´1pT
p1q
j q “ 0 for j ď b´ 2. So p22q is equivalent to
(23)
bÿ
j“2
p´1qj´1pipθ1pT
p1q
j qq `
b´1ÿ
s“2
ppipθspT
p1q
s qq ´ pipθspT
p1q
s`1qqq “ 0.
We observe now that θspT
p1q
s q “ θspT
p1q
s`1q “ 1
pa`1qs b 2 ¨ ¨ ¨ pb ´ 1q and θ1pT
p1q
2
q “
pa` 2qb
p1q
1
and θ1pT
p1q
j q “ b
p1q
j´1 for j P t3, . . . , bu, so p23q is equivalent to
b´1ÿ
j“2
p´1qjpipb
p1q
j q “ pa` 2qpipb
p1q
1
q.
For i “ 2, we consider the standard basis elements T
p2q
1
“ 1paq2p2q b 3 . . . b and
T
p2q
j “ 1
pa´1q2j b 12ˆ . . . jˆ . . . b in HompDabD2 bD1b ¨ ¨ ¨ bD1, Da`2bΛ
b´2q, for
j P t3, . . . , bu. Then
řb´1
s“1 p´1q
s´1
pipθspT
p2q
1
qq “ 0 and
řb´1
s“1 p´1q
s´1
pipθspT
p2q
j qq “
0 for j P t3, . . . , bu. So we obtain
bÿ
j“3
p´1qj´1
b´1ÿ
s“1
p´1qs´1pipθspT
p2q
j qq “ 0,
which is equivalent to
bÿ
j“3
p´1q
j´1
pipθ1pT
p2q
j qq ´
bÿ
j“3
p´1q
j´1
pipθ2pT
p2q
j qq
`
b´1ÿ
s“3
p´1q
s´1
bÿ
j“3
p´1q
j´1
pipθspT
p2q
j qq “ 0.(24)
But θspT
p2q
3
q “ 0 for every s P t4, . . . , b´1u, θspT
p2q
b q “ 0 for every s P t3, . . . b´2u,
and θspT
p2q
j q “ 0 for s P t3, . . . , j´2uYtj`1, . . . , b´1u for every j P t4, . . . , b´1u
and also we have θspT
p2q
s q “ θspT
p2q
s`1q “ 1
pa´1q2p2qsb12ˆ . . . sˆ . . . pb´1q. As a result,
p24q is equivalent to
(25)
bÿ
j“3
p´1q
j´1
pipθ1pT
p2q
j qq ´
bÿ
j“3
p´1q
j´1
pipθ2pT
p2q
j qq “ 0.
But θ1pT
p2q
j q “
`
a`1
2
˘
b
p1q
j´1, for j “ 3, . . . , b, and thus
bÿ
j“3
p´1qj´1pipθ1pT
p2q
j qq “
bÿ
j“3
p´1qj´1
`
a`1
2
˘
pipb
p1q
j´1q “
`
a`1
2
˘ b´1ÿ
j“2
p´1qjpipb
p1q
j q
“
`
a`1
2
˘
pa` 2qpipb
p1q
1
q “ a
`
a`2
2
˘
pipb
p1q
1
q,(26)
where we used part (a) of the Proposition 4.5 in the second equality. We observe
that θ2pT
p2q
3
q “ 3b
p2q
2
and θ2pT
p2q
j q “ b
p2q
j´1 for j P t4, . . . , bu, and so
(27)
bÿ
j“3
p´1qj´1pipθ2pT
p2q
j qq “ 3pipb
p2q
2
q`
bÿ
j“4
p´1qj´1pipb
p2q
j´1q “ 3pipb
p2q
2
q`
b´1ÿ
j“3
p´1qjpipb
p2q
j q.
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Combining p25q, p26q and p27q we obtain
(28) a
`
a`2
2
˘
pipb
p1q
1
q `
b´1ÿ
j“3
p´1q
j´1
pipb
p2q
j q “ 3pipb
p2q
2
q.
But
řb´1
s“1 p´1q
s´1
pipθspT
p2q
1
qq “ 0 and θspT
p2q
1
q “ 0 for every s P t3, . . . , b´ 1u, be-
cause of the 3 ¨ ¨ ¨ b part of T
p2q
1
in Λb´2, which implies that pipθ1pT
p2q
1
qq “ pipθ2pT
p2q
1
qq
or equivalently
`
a`2
2
˘
pipb
p1q
1
q “ pipb
p2q
1
q. Equation p28q is now equivalent to
apipb
p2q
1
q `
b´1ÿ
j“3
p´1qj´1pipb
p2q
j q “ 3pipb
p2q
2
q,
and we have proved the case i “ 2.
The general case for i ě 2 will be proved by induction on i. Suppose that for
i ě 2 we have
(29)
ap´1qipipb
piq
1
q ` p´1qi
i´1ÿ
j“2
p´1qj´1pipb
piq
j q ` p´1q
i
b´1ÿ
j“i`1
p´1qj´1pipb
piq
j q “ 3pipb
piq
i q.
Using (29), Lemma 4.3 yields
ap´1qi`1pipb
pi`1q
1
q ` p´1qi`1
iÿ
j“2
p´1qj´1pipb
pi`1q
j q
“ ap´1qi`1pipb
piq
1
q ` p´1qi`1
i´1ÿ
j“2
p´1qj´1pipb
piq
j q ` 3pipb
piq
i q
“ ´
`
ap´1qipipb
piq
1
q ` p´1qi
i´1ÿ
j“2
p´1qj´1pipb
piq
j q
˘
` 3pipb
piq
i q
“ p´1q
i
b´1ÿ
j“i`1
p´1q
j´1
pipb
piq
j q.(30)
By Lemma 4.4 we have
(31)
b´1ÿ
j“i`2
p´1q
j´i
pipb
pi`1q
j q “ 3pipb
pi`1q
i`1 q `
b´1ÿ
j“i`1
p´1q
j´i
pipb
piq
j q,
and adding (30) and (31) we obtain
ap´1qi`1pipb
pi`1q
1
q ` p´1qi`1
iÿ
j“2
p´1qj´1pipb
pi`1q
j q `
b´1ÿ
j“i`2
p´1q
j´i
pipb
pi`1q
j q “
p´1q
i
b´1ÿ
j“i`1
p´1q
j´1
pipb
piq
j q ` 3pipb
pi`1q
i`1 q `
b´1ÿ
j“i`1
p´1q
j´i
pipb
piq
j q “ 3pipb
pi`1q
i`1 q.

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4.3. The image of the generator pipΓa,bq. By straightforward calculations, one
verifies that the composition i2 ˝ pi3 : Da`3 b Λ
b´3 Ñ ∆php3qq Ñ Da`2 b Λ
b´2 is
the map f : Da`3 b Λ
b´3 △b1ÝÝÝÑ Da`2 bD1 b Λ
b´3 1bmÝÝÝÑ Da`2 b Λ
b´2.
Let φ : Ext2p∆phq, Da`3 b Λ
b´3q Ñ Ext2p∆phq, Da`2 b Λ
b´2q be the map in-
duced by i2 ˝pi3 : Da`3bΛ
b´3 Ñ Da`2bΛ
b´2, i.e. φ is the composition i
p2q
2
˝ pi
p2q
3
,
φ :Ext2p∆phq, Da`3 b Λ
b´3q
pi
p2q
3ÝÝÑ Ext2p∆phq,∆php3qqq
i
p2q
2ÝÝÑ Ext2p∆phq, Da`2 b Λ
b´2q.
In this Subsection we will compute the image φppipΓa,bqq of the cyclic generator
pipΓa,bq that was defined in Proposition 4.1. More precisely, and using the notation
established at the beginning of Subsection 4.2, we will prove the following.
Proposition 4.6. We have
φppipΓa,bqq “ pa` bqpipγa,bq,
where γa,b “
`
a`2
3
˘
b
p1q
1
`
řb´1
i“2 p´1q
i´1
b
piq
i and pipγa,bq is a cyclic generator of
Ext2p∆phq, Da`2 b Λ
b´2q.
Proof. We recall from [MS], Lemma 4.4, that pipγa,bq is a cyclic generator of the
group Ext2p∆phq, Da`2 b Λ
b´2q.
As φ is a linear map, we obtain
φppipΓa,bqq “
b´2ÿ
i“3
p´1q
i´1
´
aφppipBa,bi,1 qq ´
i´1ÿ
j“2
p´1q
j
φppipBa,bi,j qq `
b´1ÿ
j“i`1
p´1q
j
φppipBa,bi,j qq
¯
`
`
a`2
3
˘ b´1ÿ
j“2
p´1q
j
φppipBa,b
1,j qq,
where empty sums are equal to zero. Using the straightening law we have
φppipBa,b
1,j qq “ p´1q
j
¨ pip1pa`2q b 2 . . . pb ´ 1qq ` pip1pa`1qj b 1 . . . jˆ . . . pb ´ 1qq
“ p´1q
j
pipb
p1q
1
q ` pipb
p1q
j q.
This implies that
`
a`2
3
˘ b´1ÿ
j“2
p´1q
j
φppipBa,b
1,j qq “
`
a`2
3
˘ b´1ÿ
j“2
´
pipb
p1q
1
q ` p´1q
j
pipb
p1q
j q
¯
“
`
a`2
3
˘´
pb´ 2qpipb
p1q
1
q `
b´1ÿ
j“2
p´1q
j
pipb
p1q
j q
¯
“
`
a`2
3
˘
pa` bqpipb
p1q
1
q,(32)
as
řb´1
j“2 p´1q
j
pipb
p1q
j q “ pa ` 2qpipb
p1q
1
q, by part (a) of Proposition 4.5. Using again
the straightening law, we observe that
‚ φppipBa,bi,j qq “ p´1q
j´1
pipb
piq
i q ` p´1q
i
pipb
piq
j q for 1 ď j ă i ď b´ 1, and
‚ φppipBa,bi,j qq “ p´1q
j
pipb
piq
i q ` p´1q
i´1
pipb
piq
j q for 2 ď i ă j ď b´ 1.
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Then, by Proposition 4.5 for i P t2, . . . , b´ 1u and (32), we have
φppipΓa,bqq “
b´1ÿ
i“2
p´1q
i´1
´
aφppipBa,bi,1 qq ´
i´1ÿ
j“2
p´1q
j
φppipBa,bi,j qq `
b´1ÿ
j“i`1
p´1q
j
φppipBa,bi,j qq
¯
`
`
a`2
3
˘
pa` bqpipb
p1q
1
q
“
b´1ÿ
i“2
p´1qi´1
´
pa` b´ 3qpipb
piq
i q ` ap´1q
i
pipb
piq
1
q ` p´1qi
i´1ÿ
j“2
p´1qj´1pipb
piq
j q
` p´1qi
b´1ÿ
j“i`1
p´1qj´1pipb
piq
j q
¯
`
`
a`2
3
˘
pa` bqpipb
p1q
1
q
“ pa` bq
´`
a`2
3
˘
pipb
p1q
1
q `
b´1ÿ
i“2
p´1qi´1pipb
piq
i q
¯
“ pa` bqpipγa,bq,

Using Proposition 4.6, we will now prove the case k “ 4 of Theorem 1.1.
Proposition 4.7. We have Ext2p∆phq,∆php4qqq “ Zgcdp3,a`bq.
Proof. We noted at the beginning of Section 4.3 that φ factors as follows
φ :Ext2p∆phq, Da`3 b Λ
b´3q
pi
p2q
3ÝÝÑ Ext2p∆phq,∆php3qqq
i
p2q
2ÝÝÑ Ext2p∆phq, Da`2 b Λ
b´2q.
We also saw in Proposition 4.6 that
φppipΓa,bqq “ pa` bqpipγa,bq,
where pipΓa,bq is a generator of Ext
2p∆phq, Da`3 b Λ
b´3q “ Z3 and pipγa,bq is a
generator of Ext2p∆phq, Da`2 b Λ
b´2q “ Z3. Hence, φ is an isomorphism if and
only if 3 ffl a` b if and only if kerφ “ 0. Using (3) for k “ 3, we obtain the exact
sequence
0 ÝÑ Ext2p∆phq,∆php4qqq
i
p2q
3ÝÝÑ Ext2p∆phq, Da`3 b Λ
b´3q
pi
p2q
3ÝÝÑ Ext2p∆phq,∆php3qqq,
and so Ext2p∆phq,∆php4qqq “ kerpi
p2q
3
. As i
p2q
2
is an injection, we obtain kerφ “
kerpi
p2q
3
and so we have Ext2p∆phq,∆php4qqq “ kerφ. We have kerφ “ 0 if and
only if 3 ffl a ` b and, also, kerφ “ Z3 if and only if 3|a ` b. We conclude that
Ext2p∆phq,∆php4qqq “ Zgcdp3,a`bq. 
4.4. Modular Ext1. Let K be an infinite field of characteristic p ą 0. The corol-
lary below is a statement for SKpn, rq-modules, where SKpn, rq is the Schur algebra
for GLnpKq corresponding to homogeneous polynomial representations of GLnpKq
of degree r [Gr]. By ∆Kphq we denote the Weyl module of highest weight h for
SKpn, rq. From [Ma] it follows that Ext
1p∆Kphq,∆Kphp1qqq is one dimensional if
p|a ` b and zero otherwise. Using the universal coefficient theorem ([AB], Thm.
5.3), Theorem 3.5 by [MS], and Theorem 1.1 we have the following complete picture.
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Corollary 4.8. Let h “ pa, 1bq and hpkq “ pa`k, 1b´kq, where 1 ď k ď b. Suppose
n ě b` 1. Then Ext1p∆Kphq,∆Kphpkqqq is 1-dimensional in each of the following
cases:
‚ k “ 1 and p divides a` b,
‚ k “ 2 and p divides 2pa` bq{gcdp2, a` bq
2
,
‚ k “ 3 and p divides 6{gcdp2, a` b` 1qgcdp3, a` bq,
‚ k “ 4 and p divides 2gcdp3, a` bq{gcdp2, a` bq,
‚ k ě 5 and p “ 2, a` b` k is odd.
In all other cases, Ext1p∆Kphq,∆Kphpkqqq “ 0.
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